
 

 

LATTICE QUANTUM CHROMODYNAMICS 
 
The strong interactions between quarks and gluons that produce the protons, neutrons, nuclei and 
the other hadrons found in nature are notoriously difficult to unravel. In contrast to electromagnetic 
and weak interactions, the strong interactions behave differently at different energies; quarks and 
gluons are the relevant degrees of freedom at high energies, while composite hadrons emerge at 
low energies. While quantum chromodynamics (QCD) has long been thought to be the theory of 
the strong interactions, direct comparison of its predictions with experiment has historically only 
been possible at high energies where deep inelastic scattering experiments have beautifully 
revealed the quark and gluon substructure of hadrons. In the last decade, this situation has 
changed dramatically and it is now possible to say that we have experimental confirmation of QCD 
at low energies relevant for hadronic and nuclear physics. With decades of research developments 
and advances in high-performance computing, the numerical approach of lattice QCD has matured 
to the stage where many properties of hadrons such as their masses and charge distributions are 
now able to be calculated and compared to experiment, providing new confirmations that QCD 
indeed describes the strong interactions. Having reached this point, the coming decade presents a 
golden opportunity for nuclear physics as further improvements in calculational methods and 
advances in high-performance computing will enable more precise calculations of many quantities 
and provide predictions with controlled uncertainties for as-yet-unmeasured quantities The impact 
of lattice QCD calculations in high energy physics has already been immense, with the 
determinations of most of the parameters of the Standard Model relying heavily on the results of 
lattice QCD calculations. The potential for contributions to the intrinsically more complex world of 
nuclear physics is equally high and investments in this field are now paying off. Beyond confirming 
QCD through comparison with experiment, lattice QCD calculations hold the promise of providing 
reliable calculations of hadronic and nuclear processes in situations where laboratory experiments 
are not possible, it provides guidance to the design of future experiments, and plays an essential 
role in analysis of upcoming experiments.  
 
Lattice QCD provides a rigorous definition of QCD in the low-energy, strong-coupling regime and, 
importantly, provides a numerical method with which to perform QCD calculations. As an 
intermediate step in lattice QCD, one considers a discretized version of QCD defined on a space-
time grid (most simply, a four dimensional hypercubic lattice) so as to make amenable to numerical 
calculations. The quark and gluon degrees 
of freedom are defined on this grid and the 
calculation is performed using Monte Carlo 
methods in which representative 
configurations of the quark and gluon 
degrees of freedom are generated with a 
distribution prescribed by QCD, and 
physical observables are then extracted 
from correlations in these samplings. An 
important feature of lattice QCD 
calculations is that is possible to fully 
quantify the statistical uncertainties from 
the Monte Carlo sampling and the 
systematic uncertainties from the finite 
volume and discretization associated with 
any given quantity. Furthermore, these 
uncertainties can be systematically 
reduced to any prescribed level of 
accuracy, limited only by computational 
resources and the available workforce. 
 
Large-scale lattice QCD calculations require a range of computational platforms. Leadership-class 
(capability) computing platforms are required to generate the representative samplings of the QCD 
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From Quarks to the Cosmos

Complexity of nuclear physics emerges from the 
Standard Model	



Same underlying physics at vastly different scales 	



EM, weak and strong (QCD) interactions	



Only relevant parameters: ΛQCD, mu,d,s, α➣
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Align with NP goals

LQCD program supports NSAC milestones 
 
 
 
 
 
 
 
 
  
 

Strong support for LQCD in cold NP community 	



NRC decadal review of nuclear physics:  
”A plan should be developed within the theoretical community and enabled by the appropriate sponsors that permits 
forefront computing resources to be deployed by nuclear science researchers and establishes the infrastructure and 
collaborations needed to take advantage of exascale capabilities as they become available.”	



Comp. Nuclear Theory Initiative (LQCD + …): need for capacity computing 
and workforce enhancement strongly endorsed by LRP Town Hall Meetings

Relevant NSAC Milestones and 
their Status as of 2008/2009
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http://science.energy.gov/~/media/np/nsac/pdf/docs/perfmeasevalfinal.pdf
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Impacts Diverse Experimental Program

CLAS12 npdγnEDM

MuLAN

PREX II
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Impact on experiment: GlueX

LQCD important for motivation of flagship GlueX experiment	



Gluon-rich states in the 1-8-2.7 GeV energy range  
 
 
 
 
 
 
 
 
 
 
 

Important in analysis and interpretation of forthcoming data
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Probing TeV Physics through Lattice Neutron-Decay Matrix Elements Huey-Wen Lin

Figure 6: eS-eT allowed parameter region using different experimental and theoretical inputs as discussed
in the text. All estimates are in the MS scheme at 2 GeV. (left) The constraints from low-energy nuclear
experiments and model estimates for gS,T are shown by the outer blue region; and the improvement on
using lattice estimates of gS,T given in this paper reduce this to the middle green region. The inner red
region indicates future bounds assuming UCN experiments provide |bn � b| < 10�3 and |b| < 10�3, 6He
experiments provide precision bounds, and errors in gS lattice estimates is reduced to 10%. The constraint
from radiative pion decay is shown by the two vertical lines. The low-energy constraints are compared to
those from the LHC. The dashed purple and inner dotted magenta lines are the near-term and future long-
term expectations using background inputs from Ref. [30].

retical advances. These upper bounds on the effective couplings eS,T correspond to lower bounds
for the scales LS,T at 5.6 and 10.3 TeV, respectively, for new physics in these channels.

How do the constraints from high-energy experiments compare? We can estimate the eS,T

constraints from LHC current bounds and near-term expectations through effective Lagrangian

L =�hS

L2
S
Vud(ud)(ePLne)�

hT

L2
T

Vud(us µnd)(esµnPLne), (4.1)

where hS,T = ±1. and LS,T are connected to eS,T through vacuum expectation values. Using the
tail of the transverse-mass distribution in the reaction pp ! en̄ +X (i.e. the region where mT >

mcut
T ), we show three bounds from the LHC for different center-of-mass energies and integrated

luminosity. The transverse-mass cut is chosen such that the expected Standard-Model background
is less than one event. For the brown ellipse, the background is taken from the measured value at
CMS [30]; otherwise, the background is estimated by computing at tree level the transverse-mass
distribution due to the production of a high-pT lepton from an off-shell W . For further details
of this analysis, refer to Refs. [12] and [32]. In Fig. 6 we make an illustrative comparison of
the constraints on eS,T (defined at 2 GeV in the MS scheme) projected limits from the LHC. The
outer dashed purple ellipse gives the LHC expected constraint using the full current 8-TeV dataset;
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Impact on experiment; LANL UCN

Ultracold neutron beta decay 
experiments (UCNB/b) at LANL 	



Decay rate	



!

Presence of non-SM scalar or tensor 
couplings modifies b, B 	



Use to constrain BSM given scalar 
and tensor charges (gS and gT)	



Goal: measure to 10-3	



Constraint requires precise gS, gT
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Probing TeV Physics through Lattice Neutron-Decay Matrix Elements Huey-Wen Lin

the neutron polarization ~sn.

dG µ F(Ee)


1+a

~pe · ~pn
EeEn

+b
me

Ee
+B

~sn ·~pn
En

+A
~sn ·~pe

Ee
+ . . .

�
, (1.2)

where ~pe and ~pn are the outgoing electron and neutrino momenta, and Ee,n are the electron and
neutrino energies. F(Ee) is the tree-level SM electron energy spectrum in the no-recoil limit.

Within the SM, a and A are O(1), whereas b and the energy-dependent component bn in
B = B0 +(me/Ee)bn are O(10�3) and known from theory to the level of 10�5 [10]. Therefore,
deviations from the SM predictions for b and bn at a level larger than O(10�5) would unambigu-
ously signal the presence of BSM interactions [10, 11]. These parameters are much less accessible
in high-energy experiments, because the interference of new interactions with the SM amplitudes
always involves a spin flip, which is suppressed by the factor me/Ee ⌧ 1, while in neutron decay
me/Ee ⇠ 1.

On left-hand side of Fig. 1, we show how precision measurements of b and bn at the 10�3 level
can reveal the existence of new physics with mass scale Li in the multi-TeV range, which will be ex-
plored directly at the LHC. Furthermore, the two panels highlight the difference in bounds between
using previous phenomenological estimates for gS and gT and current LQCD estimates. In these
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Figure 1: (Left) 90% confidence level (CL) allowed regions in the eS-eT plane implied by (i) the existing
bound on b0+ characterizing the 0+ ! 0+ nuclear beta decays (green horizontal band); (ii) projected mea-
surements of b and bn � b in neutron decay (red bow-tie shapes and blue regions) at the 10�3 level; (iii)
hadronic matrix elements taken in the ranges 0.25 < gS < 1.0, 0.6 < gT < 2.3 [8]. (Right) Combined 90%
CL allowed regions in the eS-eT plane based on existing limits on b0+ from 0+ ! 0+ nuclear beta decays
and future neutron-decay measurements with projected sensitivity of 10�3 in b and bn �b. The four curves
correspond to four different scenarios for the hadronic matrix elements: 0.25 < gS < 1.0, 0.6 < gT < 2.3 as
quoted in Ref. [8]; lattice results with current central values from Ref. [12]) and dgS/gS = 50%,20%,10%
with dgT/gT = 2/3 dgS/gS (this choice assumes that the ratio of fractional uncertainties in gS and gT will
remain approximately constant as these uncertainties decrease). The effective couplings eS,T are defined in
the MS scheme at 2 GeV. Note that the decrease in the allowed region becomes small for dgS/gS < 20%,
below which the constraints are dominated by the experimental uncertainty.
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Impact on nuclear theory; EFT

LQCD nuclear spectroscopy being 
used to constrain nuclear EFTs	



Baru et al.: use low-energy theorems 
to understand mass dependence	



Barnea et al.: match 2-/3-body 
interactions to LQCD 	



Many-body methods to go to 
large A 
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FIG. 6: NLO LET predictions for the pion mass dependence of the deuteron binding energy, the ratio �d/M⇡, the ratio a/r
and the first three shape parameters in the 3S1 partial wave assuming the linear M⇡ dependence of the e↵ective range specified
in Eq. (4.17) and visualized in the left panel of Fig. 5. Dark-shaded bands show our estimation of the uncertainty of the NLO
LETs due to the unknown M⇡ dependence of the subleading short-range interaction specified in Eq. (3.16), light-shaded bands
depict the uncertainty in the linear extrapolation of the e↵ective range used as input, as shown in the left panel of Fig. 5.

shape parameters and the deuteron binding energy. Our results for the deuteron binding energy Bd, the ratio �d/M⇡,
where �d =

p
BdmN is the deuteron binding momentum, the ratio a/r and the first three shape parameters M

3
⇡v2,

M

5
⇡v3 and M

7
⇡v4 are visualized in Fig. 6. In this figure, the dark shaded bands result from the variation of the

constant � specified in Eq. (3.16) and reflect the uncertainty of the NLO LETs4. The light-shaded bands correspond
to the resulting uncertainty which emerges from the theoretical uncertainty at NLO and the errors of the linear
interpolation of M⇡r(M⇡) (see the left panel of Fig. 5 and Eq. (4.17)) added in quadrature. Notice that we also show
in Fig. 6 the preliminary lattice-QCD result of the NPLQCD collaboration at M⇡ = 430 MeV [43]. Remarkably, the
linear M⇡ dependence of M⇡r suggested in Ref. [40] indeed appears to describe very well the common trend of the
lattice-QCD results for the deuteron binding energy at intermediate pion masses. Also the NPLQCD Collaboration
results of Ref. [40] for Bd, �d/M⇡, a/r and M

3
⇡v2 at the pion mass of M⇡ = 800 MeV can be well described by further

extrapolating our results to heavier pion masses without introducing any strong curvature. Assuming the validity of
Eq. (4.17) for pion masses below the physical one, we conclude that the deuteron becomes unbound for M⇡ ⇠ 50 MeV.
It is also interesting to notice that the scattering length and the shape parameters show rather strong variations with
the pion mass around and below the physical point. This nontrivial behavior is driven by the long-range physics
associated with the pion exchange and is, in principle, testable in lattice QCD. The obtained results for the quantities
�d/M⇡ and a/r, which probe the amount of fine tuning in the NN system, suggest that the physically realized value
of the quark mass is close to the point, which separates the strong fine-tuning regime characterized by the rapidly
growing scattering length from the regime featuring a fairly small amount of fine tuning with a/r = 2 . . . 3 within the
large range of pion masses.

We emphasize that the observed agreement between the predicted M⇡ dependence of the deuteron binding energy and

4 Note that employing the scalar sub-leading potential in Eq. (2.15) instead of the tensor one yields the results which are well within the
dark shaded band for all quantities except for the parameter v3 which is relatively small and appears to be slightly outside of this band
for M⇡ > 250 MeV.

[Baru et al. 1504.07852
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USQCD Science Highlights: Spectroscopy

[summary by A Kronfeld, 1209.3468]

Ground state hadron spectrum  
reproduced

29
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FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
� M⌦b

can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Predictions for new states with 
controlled uncertainties

Recently determined 	


by LHCb experiment
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USQCD Science Highlights: Spectroscopy

[summary by A Kronfeld, 1209.3468]

Exotic States: X(3872)	



~13(6) MeV below threshold	



What is its nature?

Ground state hadron spectrum  
reproduced

X(3872) and Z+c (3900) Carleton DeTar
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Figure 2: Energy splittings between En and 1S = 1
4 (Mηc + 3MJ/ψ ), the spin-averaged 1S charmonium

masses. The towers of states are from the same operator bases as the first three panels in Fig. 1. Left:
the separate χc1(1P) and χc1(2P) states from cc operators. Middle: combined cc and DD∗ operators. Right:
states from the DD∗ I = 0 operators. The lower blue bar represents the X(3872) candidate.

Table 1: Energy levels for the cc+DD∗ operator set. The level e1 (lower blue bar in Fig. 2) corresponds
to the X(3872) candidate with a splitting of 13(6) MeV relative to the DD∗ threshold with our unphysical
lattice parameters.

En−1S (MeV)

Non-interacting
D̄(0)D(0) 910(2)
D̄(1)D(−1) 1036(3)

Interacting

e0 452(2)
e1 897(6)
e2 966(21)
e3 1494(30)

interpolating operators included, level repulsion results in the weakly bound state represented by
the lower blue bar, our candidate X(3872). The upper blue bar can be interpreted as a scattering
state shifted up due to the large negative scattering length. This shallow bound state scenario on the
lattice has been confirmed in deuteron studies [29, 30]. Our results agree qualitatively with those of
the pioneering lattice studies of the X(3872) by Prelovsek and Leskovec [19] using clover valence
and sea quarks throughout.

4.2 Z+
c (3900)

Figure 3 shows the energy splittings in the various 1+− channels. The mixing is evidently
too weak to produce a state distinct from the noninteracting scattering states, in agreement with
[20, 22].

5

[C Detar et al. PoS Latt2014]
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USQCD Science Highlights: Structure

Hadron structure probed at JLab, 
RHIC-spin, …, future EIC	



Vector, tensor, axial couplings,  
form factors, radii 
moments of PDFs, GPDs, TMDs	



Axial FFs central in HEP neutrino 
program	



New: x dependence of PDFs	



Spin decomposition of nucleon	



PNDME: precision axial, scalar, tensor 
charges (ΔgA/gA~5%)	



LHP: disconnected contributions to 
EM form factors

4
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FIG. 2. Isovector charges of the nucleon on the 9 ensembles described in Table I: axial (top row),
scalar (middle row), and tensor (bottom row) charges as functions of the lattice spacing a (left
column), M2

⇡ (middle column) and M⇡L (right column). In each column, the fits are shown holding
the other two variables at their physical value and hence the fits are not expected to go through
the points. We show the M⇡L = 1 extrapolated value at M⇡L = 7.
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light and strange quarks in the nucleon, for pion mass 317 MeV.

E(⌘⌘

†) = I, we get

(�
5

M)�1 =
X

i

1

�

i

v

i

v

†
i

+ E[(�
5

M)�1

P⌘⌘

†
P ]. (8)

Thus, evaluation of the all-to-all propagator D

�1

CL

is divided into three parts: the local
term and contributions from low modes, which we can compute exactly, and the remaining
stochastic contribution from high modes.

These noise vectors exist only on even sites and thus, rather than our previous approach
using timeslice noise sources, we will use noises vectors that have support on all even sites in
the full four-dimensional volume. For spatial dilution we will therefore use four-dimensional
even-site hierarchical probing. This approach will yield disconnected loops on all timeslices.

We plan to use 256 Hadamard vectors, which, in 4 dimensions, will have complete
distance-4 graph coloring. In addition, we will use color and spin dilution. This will all
be done using a truncated CG solver. For bias correction, we will also make use of high-
precision solves using 16 Hadamard vectors with spin and color dilution.

Since the disconnected contributions to nucleon three-point functions are given by the
correlation between the two-point function and a disconnected loop, we will also compute a
large number of samples for the two-point function (⇥8 compared to connected contractions).
Furthermore, we plan to evaluate the strange quark disconnected contractions. Propagators
of strange quarks are cheaper to calculate, and we will not use deflation1.

2.4 Non-Local Operators

2.4.1 Transverse Momentum-Dependent Parton Distributions (TMDs)

TMDs encode information about the transverse momenta of quarks in the nucleon. They
are derived from nucleon matrix elements of the type

e�[�]

unsubtr.

(b, P, S, . . .) ⌘ 1

2
hP, S| q̄(0) �U [0, ⌘v, ⌘v + b, b] q(b) |P, Si (9)

1
The eigenvectors of the preconditioned

/D operator depend on the quark mass, and cannot be reused.
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USQCD Science Highlights: Interactions

HadSpec Collaboration	



Analysis of coupled channel 
system: πK–ηK 	



Energy levels in multiple volumes 
and with multiple boosts	



Phases shifts and inelasticities	



S, P, D waves	



Far ahead of other groups	



Progress in understanding three 
body channels [Hansen & Sharpe,…]
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FIG. 6. ~P = [000] A+

1

spectrum. Orange boxes: spectrum at
each integer value of L/as obtained by solving Eq. 6 for the
parameterization in Eq. 14 with parameter values given by
Eq. 15; the parameter errors and correlations are propagated
through the calculation with the resulting uncertainty on the
energy shown by the vertical size of the box. Original lattice
QCD spectrum shown in black.

t-matrix obtained by solving Eq. 6 for the parameteri-
zation in Eq. 14 with parameter values given by Eq. 15
alongside those obtained in the lattice QCD calculation
– this is shown in Fig. 6, where the agreement is clear,
as one would expect from a fit with a �2/N

dof

close to
unity.

In Fig. 7 we take the t-matrix resulting from this min-
imization and plot the multichannel phase-shifts, �

i

(s),
with i = ⇡K, ⌘K and inelasticity, ⌘(s), defined in the
usual manner,

t
ij

=

8
<

:

⌘ e

2i�i�1

2i ⇢i
(i = j)

p
1�⌘

2
e

i(�i+�j)

2

p
⇢i ⇢j

(i 6= j)
, (16)

where ⇢
i

(s) = 2k
i

/
p
s is the phase space for channel i.

To assess whether features present in Figure 7 are truly
required to describe the finite-volume spectra, or whether
they are artifacts of the particular parameterization uti-
lized, we also attempt a description using a di↵erent
form for the K-matrix. This second fit uses Eq. 13 with
N

⇡K,⇡K
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⇡K,⌘K
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= 1 and is able to de-
scribe the spectra with �2/N

dof

= 12.2/(15 � 3) = 1.36.
The resulting phase-shifts and inelasticity are plotted in
Figure 8 along with the previous fit. We see that the
large-scale behavior is the same in both fits, although two
detailed features prove to not be robust under change in
paramaterization: the visible cusp in �⇡K at the open-
ing of the ⌘K threshold and the degree of deviation from
unity of the inelasticity below a

t

Ecm ⇠ 0.24.
Note that our earlier suspicion that ⇡K and ⌘K are

essentially decoupled is manifested in the fit results, Fig-
ure 8 shows the inelasticity which, while it has a large
uncertainty, and does vary somewhat under change in
parameterization, hardly deviates away from unity, indi-
cating complete decoupling, over the entire constrained
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as defined in Eq. 16 for the parameterization in Eq. 14 with
parameter values given by Eq. 15. The inner and outer error
bands reflect the two sets of errors (statistical and variation
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`=0

and �⌘K`=0
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points below ⇡K threshold that enter in the fit and tightly
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energy region. Arguments based upon SU(3)
F

flavor
symmetry, outlined in Appendix A, suggest than in even-
` partial waves, the resonant octet coupling to ⇡K is
strongly enhanced over coupling to ⌘K, leading to an
approximate decoupling. As mentioned in Section ??,
such a decoupling is observed experimentally in the JP =
0+, 2+ channels [2, 3].
The S-wave amplitudes we have constrained using this

limited set of data contain some suggestive properties. A
phase-shift rising through 90�, as shown in Figs. 7,8 is
often indicative of a resonance. It appears from this fit
that such a resonance may be coupled to ⇡K and not
⌘K, but the uncertainty on the inelasticity is large. To
obtain a more constrained description of the scattering
we require more data – we now proceed to investigate a
much larger set of irrep spectra.

B. Finite-volume spectra

We now begin the task of improving our description
of the S-wave and determining the behavior of higher
partial waves.
In Fig. 9 we show the spectrum in the T�

1

irrep on
our three volumes, which we expect to be dominated by
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USQCD Science Highlights: Nuclei

Goal: Predictive capability for properties of nuclei 

Establish quantitative control through  
linkages of QCD to different methods	



QCD forms a foundation  
determines few body  
interactions & matrix elements	



Match existing EFT (chiral 
potentials) and many  
body techniques  
onto QCD

3
3

3

3

QCD

Exact many body:	


GFMC, NCSM,	



lattice EFT

Shell model, 	


coupled cluster, 	



configuration-interaction

Density 
Functional,	


Mean field

Z

N
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Magnetic moments of nuclei	



Calculate using QCD in external 
magnetic field	



Measure induced energy shifts  
 
 
 
 
 
 
 

Results appear to suggest heavy 
quark nuclei are shell-model like!

USQCD Science Highlights: Nuclei
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FIG. 2: The calculated �E(B) of the proton and neutron
(upper panel) and light nuclei (lower panel) in lattice units
as a function of |ñ|. The shaded regions corresponds to fits
of the form �E(B) = �2µ |B|+� |B|3 and their uncertainties.
The dashed lines correspond to the linear contribution alone.

dure. Fits are performed only over time ranges where
all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.

As mentioned above, the magnetic moments of the pro-
ton and neutron have been previously calculated with lat-
tice QCD methods for a wide range of light-quark masses
(in almost all cases omitting the disconnected contribu-
tions). The present work is the first QCD calculation of
the magnetic moments of nuclei. In Figure 2, we show
the energy splittings of the nucleons and nuclei as a func-
tion of |ñ|, and, motivated by Eq. (3), we fit these to a
function of the form �E

(B) = �2µ |B| + � |B|3, where �

is a constant encapsulating higher-order terms in the ex-
pansion. We find that the proton and neutron magnetic
moments at this pion mass are µ

p

= 1.792(19)(37) NM
(nuclear magnetons) and µ

n

= �1.138(03)(10) NM, re-
spectively, where the first uncertainty is statistical and
the second uncertainty is from systematics associated
with the fits to correlation functions and the extraction
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FIG. 3: The magnetic moments of the proton, neutron,
deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.

of the magnetic moment using the above form. These
results agree with previous calculations [14] within the
uncertainties. In the more natural units of lattice nu-
clear magnetons (LNM), e

2M

N

, where M

N

is the mass
of the nucleon at the quark masses of the lattice cal-
culation, the magnetic moments are µ

p

= 3.119(33)(64)
LNM and µ

n

= �1.981(05)(18) LNM. These values at
this unphysical pion mass can be compared with those
of nature, µ

expt
p

= 2.792847356(23) NM and µ

expt
n

=
�1.9130427(05) NM, which are remarkably close to the
lattice results. In fact, when comparing all available
lattice QCD results for the nucleon magnetic moments
in units of LNM, the dependence upon the light-quark
masses is surprisingly small, reminiscent of the almost
completely flat pion mass dependence of the nucleon ax-
ial coupling, g

A

.
In Figure 2, we also show �E

(B) as a function of |ñ|
for the deuteron, 3He and the triton (3H). Fitting the
energy splittings with a form analogous to that for the
nucleons gives magnetic moments of µ

d

= 1.218(38)(87)
LNM for the deuteron, µ

3He = �2.29(03)(12) LNM for
3He and µ

3H = 3.56(05)(18) LNM for the triton. These
can be compared with the experimental values of µ

expt
d

=
0.8574382308(72) NM, µ

expt
3He = �2.127625306(25) NM

and µ

expt
3H = 2.978962448(38) NM. The magnetic mo-

ments calculated with lattice QCD, along with their
experimental values, are presented in Figure 3. The
naive shell-model predictions for the magnetic moments
of these light nuclei are µ

SM
d

= µ

p

+µ

n

, µ

SM
3He = µ

n

(where
the two protons in the 1s-state are spin paired to j

p

= 0
and the neutron is in the 1s-state) and µ

SM
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(where
the two neutrons in the 1s-state are spin paired to j
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= 0
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all of the individual correlators in the ratio exhibit sin-
gle exponential behavior and a systematic uncertainty is
assigned from variation of the fitting window. Figure 1
shows the correlator ratios and associated fits for the var-
ious states that we consider: p, n, d, 3He, and 3H, for
ñ = +1,�2,+4.
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deuteron, 3He and triton. The results of the lattice QCD cal-
culation at a pion mass of m⇡ ⇠ 806 MeV, in units of lattice
nuclear magnetons, are shown as the solid bands. The inner
bands corresponds to the statistical uncertainties, while the
outer bands correspond to the statistical and systematic un-
certainties combined in quadrature, and include our estimates
of the uncertainties from lattice spacing and volume. The red
dashed lines show the experimentally measured values at the
physical quark masses.
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completely flat pion mass dependence of the nucleon ax-
ial coupling, g
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USQCD Science Highlights: Nuclei 

Recent extension to Iz=Jz=0 
components of np system	



Magnetic field mixes J=0, J=1 
states, mixing proportional to 
np→dγ amplitude	



Determine two-body EM 
coupling L1 (meson-exchange 
current) ~ 10% effect	



Extrapolation to physical mass 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Lattice QCD calculations of two-nucleon systems are used to isolate the short-distance two-body
electromagnetic contributions to the radiative capture process np ! d�, and the photo-disintegration
processes �(⇤)d ! np. In nuclear potential models, such contributions are described by phenomeno-
logical meson-exchange currents, while in the present work, they are determined directly from the
quark and gluon interactions of QCD. Calculations of neutron-proton energy levels in multiple
background magnetic fields are performed at two values of the quark masses, corresponding to pion
masses of m⇡ ⇠ 450 and 806 MeV, and are combined with pionless nuclear e↵ective field theory to
determine these low-energy inelastic processes. Extrapolating to the physical pion mass, a cross sec-
tion of �lqcd(np ! d�) = 332.4( +5.4

�4.7 ) mb is obtained at an incident neutron speed of v = 2, 200 m/s,

consistent with the experimental value of �expt(np ! d�) = 334.2(0.5) mb.

PACS numbers: 11.15.Ha, 12.38.Gc, 13.40.Gp

The radiative capture process, np ! d�, plays a crit-
ical role in big-bang nucleosynthesis (BBN) as it is the
starting point for the chain of reactions that form most
of the light nuclei in the cosmos. Studies of radia-
tive capture [1–3], and the inverse processes of deuteron
electro- and photo-disintegration, �(⇤)

d ! np [4–7], have
constrained these cross-sections and have also provided
critical insights into the interactions between nucleons
and photons. They conclusively show the importance of
non-nucleonic degrees of freedom in nuclei, which arise
from meson-exchange currents (MECs) in the context
of nuclear potential models [8, 9]. Nevertheless, in the
energy range relevant for BBN, experimental investiga-
tions are challenging [10]. For the analogous weak in-
teractions of multi-nucleon systems, considerably less is
known from experiment but these processes are equally
important. The weak two-nucleon interactions currently
contribute the largest uncertainty in calculations of the
rate for proton-proton fusion in the Sun [11–17], and in
neutrino-disintegration of the deuteron [18], which is a
critical process needed to disentangle solar neutrino os-
cillations. Given the phenomenological importance of
electroweak interactions in light nuclei, direct determi-
nations from the underlying theory of strong interaction,
quantum chromodynamics (QCD), are fundamental to
future theoretical progress. Such determinations are also
of significant phenomenological importance for calibrat-
ing long-baseline neutrino experiments and for investiga-

tions of double beta decay in nuclei. In this Letter, we
take the initial steps towards meeting this challenge and
present the first lattice QCD (LQCD) calculations of the
np ! d� process. The results are in good agreement with
experiment and show that QCD calculations of the less
well-determined electroweak processes involving light nu-
clei are within reach. Similarly, the present calculations
open the way for QCD studies of light nuclear matrix ele-
ments of scalar [19] (and other) currents relevant for dark
matter direct detection experiments and other searches
for physics beyond the Standard Model.
The low-energy cross section for np ! d� is conve-

niently written as a multipole expansion in the electro-
magnetic (EM) field [20, 21],

�(np ! d�) =
e

2(�2

0

+ |p|2)3
M

4

�

3

0

|p| |X̃
M1

|2 + ... , (1)

where X̃

M1

is the M1 amplitude, �
0

is the binding mo-
mentum of the deuteron, M is the mass of the nucleon,
and p is the momentum of each incoming nucleon in the
center-of-mass frame. The ellipsis denotes the contribu-
tion from E1 and higher-order multipoles (higher multi-
poles can be included systematically and improve the re-
liability of the description [22], but are not relevant at the
level of precision of the present work). In a pionless e↵ec-
tive field theory expansion [23–25], employing dibaryon
fields to resum e↵ective range contributions [26, 27], the
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Lattice QCD calculations of two-nucleon systems are used to isolate the short-distance two-body
electromagnetic contributions to the radiative capture process np ! d�, and the photo-disintegration
processes �(⇤)d ! np. In nuclear potential models, such contributions are described by phenomeno-
logical meson-exchange currents, while in the present work, they are determined directly from the
quark and gluon interactions of QCD. Calculations of neutron-proton energy levels in multiple
background magnetic fields are performed at two values of the quark masses, corresponding to pion
masses of m⇡ ⇠ 450 and 806 MeV, and are combined with pionless nuclear e↵ective field theory to
determine these low-energy inelastic processes. Extrapolating to the physical pion mass, a cross sec-
tion of �lqcd(np ! d�) = 332.4( +5.4

�4.7 ) mb is obtained at an incident neutron speed of v = 2, 200 m/s,

consistent with the experimental value of �expt(np ! d�) = 334.2(0.5) mb.

PACS numbers: 11.15.Ha, 12.38.Gc, 13.40.Gp

The radiative capture process, np ! d�, plays a crit-
ical role in big-bang nucleosynthesis (BBN) as it is the
starting point for the chain of reactions that form most
of the light nuclei in the cosmos. Studies of radia-
tive capture [1–3], and the inverse processes of deuteron
electro- and photo-disintegration, �(⇤)

d ! np [4–7], have
constrained these cross-sections and have also provided
critical insights into the interactions between nucleons
and photons. They conclusively show the importance of
non-nucleonic degrees of freedom in nuclei, which arise
from meson-exchange currents (MECs) in the context
of nuclear potential models [8, 9]. Nevertheless, in the
energy range relevant for BBN, experimental investiga-
tions are challenging [10]. For the analogous weak in-
teractions of multi-nucleon systems, considerably less is
known from experiment but these processes are equally
important. The weak two-nucleon interactions currently
contribute the largest uncertainty in calculations of the
rate for proton-proton fusion in the Sun [11–17], and in
neutrino-disintegration of the deuteron [18], which is a
critical process needed to disentangle solar neutrino os-
cillations. Given the phenomenological importance of
electroweak interactions in light nuclei, direct determi-
nations from the underlying theory of strong interaction,
quantum chromodynamics (QCD), are fundamental to
future theoretical progress. Such determinations are also
of significant phenomenological importance for calibrat-
ing long-baseline neutrino experiments and for investiga-

tions of double beta decay in nuclei. In this Letter, we
take the initial steps towards meeting this challenge and
present the first lattice QCD (LQCD) calculations of the
np ! d� process. The results are in good agreement with
experiment and show that QCD calculations of the less
well-determined electroweak processes involving light nu-
clei are within reach. Similarly, the present calculations
open the way for QCD studies of light nuclear matrix ele-
ments of scalar [19] (and other) currents relevant for dark
matter direct detection experiments and other searches
for physics beyond the Standard Model.
The low-energy cross section for np ! d� is conve-

niently written as a multipole expansion in the electro-
magnetic (EM) field [20, 21],

�(np ! d�) =
e

2(�2

0

+ |p|2)3
M

4

�

3

0

|p| |X̃
M1

|2 + ... , (1)

where X̃

M1

is the M1 amplitude, �
0

is the binding mo-
mentum of the deuteron, M is the mass of the nucleon,
and p is the momentum of each incoming nucleon in the
center-of-mass frame. The ellipsis denotes the contribu-
tion from E1 and higher-order multipoles (higher multi-
poles can be included systematically and improve the re-
liability of the description [22], but are not relevant at the
level of precision of the present work). In a pionless e↵ec-
tive field theory expansion [23–25], employing dibaryon
fields to resum e↵ective range contributions [26, 27], the

[NPLQCD, arXiv:1505.02422]

Magnetic field strength
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Goals and Progress

USQCD goals articulated in 2013 White 
Paper (5 year plan)	



Well understood quantities with precision 
goals 	



gA, <x>, π π scattering, …	



Other more qualitative quantities	



Excited state spectrum	



Difficult to project quantities	



Light nuclear matrix elements, phase 
shifts above inelastic thresholds,  
hadronic parity violation….

16

1205.01801205.0180

1302.22331302.2233

1012.08571012.0857
1001.36201001.3620

1306.54351306.5435

1501.076391501.07639

0801.40160801.4016

0712.12140712.1214

PDG

0.8 1.0 1.2 1.4 1.6

2006

2008

2010

2012

2014

2016

gA

Ye
ar



Projected Computational Costs

Costs of different project aspects (structure, spectroscopy, 
interactions set out in project proposal	



Production/measurement plans out until 2019

USQCD Proposed Production
2014-2019

Assumed current funding levels throughout period - NP 50% partner16

Monday, May 12, 2014
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Resources

Projections assumed Moore’s law 
(x2 in 1.5yrs) growth (flat funding)	



2015: USQCD resources have 
shrunk for the first time!!	



Many excellent projects are only 
partly supported	



Other scientifically sound projects 
not supported
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USQCD Cold NP Publications

2014: 2 USQCD cold NP PRLs	



~50 cold NP USQCD papers 
(excluding proceedings) 
f d after 2013 and a XY	



Science highlights @ NERSC, 
OLCF	



Lecture Notes in Physics on 
Lattice QCD for Nuclear Physics 
(H W Lin, H B Meyer eds.) 

Resonances in Coupled πK-ηK Scattering from Quantum Chromodynamics

Jozef J. Dudek,1,2,* Robert G. Edwards,1 Christopher E. Thomas,3 and David J. Wilson2

(for the Hadron Spectrum Collaboration)

1Theory Center, Jefferson Lab, 12000 Jefferson Avenue, Newport News, Virginia 23606, USA
2Department of Physics, Old Dominion University, Norfolk, Virginia 23529, USA

3DAMTP, University of Cambridge, Cambridge CB3 0WA, United Kingdom
(Received 17 June 2014; revised manuscript received 15 July 2014; published 30 October 2014)

Using a first-principles calculation within quantum chromodynamics, we are able to determine a pattern
of strangeness ¼ 1 resonances that appear as complex singularities within coupled πK-ηK scattering
amplitudes. We make use of numerical computation in the lattice discretized approach to the quantum field
theory with light quark masses corresponding tomπ ∼ 400 MeV and at a single lattice spacing. The energy
dependence of scattering amplitudes is extracted through their relationship to the discrete spectrum in a
finite volume, which we map out in unprecedented detail.

DOI: 10.1103/PhysRevLett.113.182001 PACS numbers: 14.40.Df, 12.38.Gc, 13.25.Es

Introduction.—Understanding how excited hadrons are
built up from the basic quark and gluon degrees of freedom
of quantum chromodynamics (QCD) remains a challenging
problem. QCD should be able to explain the apparent
regularity of the experimental spectrum, but its structure
suggests additional “exotic” quark-gluon configurations,
such as those in which the gluonic field is excited, which to
date have not been unambiguously observed in experiment.
An important feature of the theoretical challenge is that
excited hadrons appear in experiment as resonances, which
ultimately decay into pseudoscalar mesons, themselves
complex aggregations of confined quarks, antiquarks,
and gluons. To study resonances within QCD, one must
explore the behavior of the theory’s hadron scattering
amplitudes at low energy, a field of study that is still in
its infancy.
Lattice QCD offers us an ab initio numerical approach

to QCD calculations. By discretizing the quark and gluon
fields on a finite lattice and by sampling possible
space-time configurations of the gluon field through a
Monte Carlo method, we can compute correlation functions
with the quantum numbers of hadrons. These correlators
contain information about the spectrum and interactions of
hadrons.
Following Lüscher [1], a formalism has been derived that

relates infinite-volume hadron scattering amplitudes to the
discrete spectrum of hadron states in a finite volume.
Through the computation of statistically precise excited
state spectra in lattice QCD, we can extract the energy
dependence of hadron scattering amplitudes and examine
their resonant content. In a recent example considering the
elastic scattering of two pions [2], following computation
of the appropriate lattice QCD spectra, the scattering
amplitude was determined at 32 discrete energy values

in a 300 MeV range. This determination demonstrated
unambiguously the presence of the ρ resonance, whose
mass and width were extracted.
Unlike the ρ resonance, most known hadron resonances

do not decay into only one final state, but instead are
enhancements in coupled channels. The recently derived
formalism to extract coupled-channel scattering amplitudes
from finite-volume spectra is somewhat more involved than
the elastic case [3,4]. In this Letter, we will present the first
application of this formalism to QCD, for the particular
case of πK-ηK coupled-channel scattering.
Experimentally, a number of low-lying resonances

appear in isospin-1=2 πK scattering: the JP ¼ 1−,
K⋆ð892Þ, the strange analog of the ρ meson, is a narrow
elastic resonance, the JP ¼ 0þ, K⋆

0ð1430Þ appears as a
relatively broad resonance, and the JP ¼ 2þ, K⋆

2ð1430Þ, at
a similar mass value, is a much narrower resonance [5].
Furthermore, it is observed that in even-J partial-waves,
resonances decay dominantly to πK and not to ηK.
Resonances can be rigorously defined as pole singular-

ities in scattering amplitudes when they are considered to
be functions of complex values of the scattering energy.
Experimentally, the scattering amplitudes are determined
for real values of the energy above kinematic thresholds,
which may then be parametrized by analytic functions that
can be continued into the complex plane. One important
application of this procedure concerns the JP ¼ 0þ πK
scattering amplitude at low energy, where the use of
dispersion relations provides a particularly strong con-
straint when describing the available experimental scatter-
ing data, leading to a pole far from the real axis known as
the κ pole [6].
In this Letter, we will present scattering amplitudes

extracted from lattice QCD determinations of the excited

PRL 113, 182001 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
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Magnetic Moments of Light Nuclei from Lattice Quantum Chromodynamics
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We present the results of lattice QCD calculations of the magnetic moments of the lightest nuclei, the
deuteron, the triton, and 3He, along with those of the neutron and proton. These calculations, performed at
quark masses corresponding to mπ ∼ 800 MeV, reveal that the structure of these nuclei at unphysically
heavy quark masses closely resembles that at the physical quark masses. In particular, we find that the
magnetic moment of 3He differs only slightly from that of a free neutron, as is the case in nature, indicating
that the shell-model configuration of two spin-paired protons and a valence neutron captures its dominant
structure. Similarly a shell-model-like moment is found for the triton, μ3H ∼ μp. The deuteron magnetic
moment is found to be equal to the nucleon isoscalar moment within the uncertainties of the calculations.
Furthermore, deviations from the Schmidt limits are also found to be similar to those in nature for these
nuclei. These findings suggest that at least some nuclei at these unphysical quark masses are describable by
a phenomenological nuclear shell model.

DOI: 10.1103/PhysRevLett.113.252001 PACS numbers: 12.38.Gc, 21.10.Ky

The electromagnetic interactions of nuclei have been
used extensively to elucidate their structure and dynamics.
In the early days of nuclear physics, the magnetic moments
of the light nuclei helped to reveal that they behaved like a
collection of “weakly” interacting nucleons that, to a very
large degree, retained their identity, despite being bound
together by the strong nuclear force. This feature, in part,
led to the establishment of the nuclear shell model as a
phenomenological tool with which to predict basic proper-
ties of nuclei throughout the periodic table. The success of
the shell model is somewhat remarkable, given that nuclei
are fundamentally bound states of quarks and gluons, the
degrees of freedom of quantum chromodynamics (QCD).
The strong nuclear force emerges from QCD as a by-
product of confinement and chiral symmetry breaking. The
fact that, at the physical values of the quark masses, nuclei
are not simply collections of quarks and gluons, defined by
their global quantum numbers, but have the structure of
interacting protons and neutrons, remains to be understood
at a deep level. In this Letter, we continue our exploration
of nuclei at unphysical quark masses, and calculate the
magnetic moments of the lightest few nuclei using lattice

QCD. We find that they are close to those found in nature,
and also close to the sum of the constituent nucleon
magnetic moments in the simplest shell model configura-
tion. This second finding, in particular, is remarkable and
suggests that a phenomenological nuclear shell model is
applicable for at least some nuclei at these unphysical quark
masses.
Our lattice QCD calculations were performed on one

ensemble of gauge-field configurations generated with a
Nf ¼ 3 clover-improved fermion action [1] and a Lüscher-
Weisz gauge action [2]. The configurations have L ¼ 32
lattice sites in each spatial direction, T ¼ 48 sites in the
temporal direction, and a lattice spacing of a ∼ 0.12 fm. All
three light-quark masses were set equal to that of the
physical strange quark, producing a pion of mass
mπ ∼ 806 MeV. A background electromagnetic ½UQð1Þ%
gauge field giving rise to a uniform magnetic field along the
z axis was multiplied onto each QCD gauge field in the
ensemble (separately for each quark flavor), and these
combined gauge fields were used to calculate up- and
down-quark propagators, which were then contracted to
form the requisite nuclear correlation functions using the

PRL 113, 252001 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
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International Competition

Isospin mass splittings in QCD+QED [Budapest-Marseille-Wuppertal] 
 
 

!

!

!

!

!

Well funded LQCD group: publication in Science	



Clarifies role of E&M effects and quark masses in Mn - Mp 

Figure 2:
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Figure 2: Mass splittings in channels that are stable under the strong and electromagnetic interactions. Both
these interactions are fully unquenched in our 1+1+1+1 flavor calculation. The horizontal lines are the experi-
mental values and the grey shaded regions represent the experimental error [29]. Our results are shown by red
dots with their uncertainties. The error bars are the squared sums of the statistical and systematic errors. The
results for the �M

N

, �M⌃ and �M
D

mass splittings are post-dictions, in the sense that their values are known
experimentally with higher precision than from our calculation. On the other hand, our calculations yields
�M⌅, �M⌅cc splittings and the Coleman-Glashow difference �CG which have either not been measured in
experiment or are measured with less precision than obtained here. This feature is represented by a blue shaded
region around the label.

9

[S. Borsanyi et al. [BMWc] Science 347 2015]
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Career paths and awards

Junior faculty positions in cold NP LQCD since 2012	



Meyer (Mainz), Detmold (MIT),  Walker-Loud (W&M), Luu 
(Jülich), Gong(IHEP), Alexandru (GWU), Meinel (Arizona), 
Thomas (Cambridge)	



3 MSU LQCD jobs recently announced!	



DOE/NSF Early Career Awards in cold NP LQCD (since 2011)	



Dudek, Alexandru, Detmold, Walker-Loud	



Ken Wilson Award: Walker-Loud (2013)	



Feshbach Prize: Negele (2014)
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Summary

Cold NP is a vibrant field: important achievements this year	



Precision hadron structure	



Coupled-channel scattering phase shifts	



Nuclear properties	



Closely aligned with NP experimental program and long term 
goals of DoE NP	



Transformative period for the field	



Peta/exa-scale resources open the door to precision and 
new possibilities	



Decreased funding is materially impacting progress
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Precision Goals Table

Quantities with currently quantifiable uncertainties and goals

Quantity Current 
uncertainty

Uncertainty!
Goal Impact/Target

5% 3%->1% Benchmark of LQCD; Neutrino-nucleus X-secs 
Vud given high enough precision

~20% 5% Understanding the spin of the proton

5%,20% 10% Ultracold neutron experimental searches for  
BSM interactions in neutron decay

1% ✓ More precise than experiment/phenomenology

25% 10% Input for dark matter direct detection experiments;  
mu2e conversion

~15% 3% Aim for ab initio input to PDFs (USQCD goal)

~25% 2% Impact proton radius puzzle
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I=2 Pi-Pi Scattering

I=2 π π scattering is high precision	



scattering length @ 1%
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FIG. 3: Bar chart of the various determinations of the I = 2 ππ scattering length tabulated

in Table IX. We reiterate that the stars on the MILC results indicate that these are not lattice
calculations of the I = 2 ππ scattering length but rather a hybrid prediction which uses MILC’s

determination of various low-energy constants together with the Roy equations.

Catalunya contract 2005SGR-00343.
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FIG. 9: The shaded band is the Lattice QCD prediction of the phase shift at the physical value of
the pion mass, m⇡ ⇠ 140 MeV using NLO �PT with the statistical and systematic uncertainties
combined in quadrature. The data is experimental (black and grey) taken from Refs. [45–48]. The
red vertical line denotes the inelastic (4⇡) threshold.

is not expected to be true for other scattering processes (those not involving the pseudo-
Goldstone bosons). Therefore, while strictly speaking the results presented in Ref. [18]
above inelastic threshold arise from an invalid application of eq.(2), the expected deviation
from the true result is expected to be small (at momenta for which the chiral expansion is
converging), suppressed by two orders in the chiral expansion. Clearly, precision calculations
of the phase-shift above the inelastic threshold cannot rely upon a methodology that does
not include the e↵ects of inelastic processes. As all of the calculations in our work are
below the inelastic threshold, the present analyses and predictions do not su↵er from this
inconsistency.

VI. SUMMARY AND CONCLUSION

The increases in high-performance computing capabilities and the advent of powerful new
algorithms have thrust Lattice QCD into a new era where the interactions among hadrons
can be computed with controlled systematic uncertainties. While calculation of the basic
properties of nuclei and hypernuclei is now a goal within reach, it is important to consider
the simplest hadronic scattering processes as a basic test of the lattice methodology for
extracting scattering information (including bound states) from the eigenstates of the QCD
Hamiltonian in a finite volume. In this work, we have calculated the ⇡+⇡+ scattering
amplitude using Lattice QCD over a range of momenta below the inelastic threshold. Our
predictions for the threshold scattering parameters, and hence the leading three terms in

19
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Strangeness content

Strangeness content <N|ss|N> relevant for dark matter 
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FIG. 8: Comparison and average of lattice QCD calculations of fs as described in the text. Only
values that have been extrapolated to the physical quark masses are used. Results that quote
mshN |s̄s|Ni are normalized by mN = 938.9 MeV to convert to fs. The quoted uncertainties are
taken as the statistical and systematic uncertainties added in quadrature from a given reference.
nf = 2 + 1 indicates a dynamical strange quark as well as up and down. SU(3) is used to indicate
results that rely heavily on SU(3) baryon �PT. Some results are excluded for various reasons but
displayed to demonstrate their consistency: [29] was updated in [30], the nf = 2 results [22, 24]
were not averaged with the nf = 2 + 1, the results in [25] were preliminary and not extrapolated
to the physical pion mass, the results in [26, 36] are preliminary and only exist in a conference
proceedings. All excluded results are presented as quoted in the literature, with no attempt to
perform chiral extrapolations

For the scalar strange content of the nucleon, the current state of results is such that a
simple weighted average of good (green star) results can not be performed in a meaningful
way. As can be seen in Fig. 8, there is good consistency between most of the results.
There are not a large number of orange circle results, so we chose to include all results in
the average. Moreover, we believe despite their red-square assignment, these results o↵er
valuable information which should not be ignored at this time.

A simple weighted average, using the quoted uncertainties as the inverse weights, pro-
duces an unbelievably small final uncertainty. This also ignores the fact that systematic
uncertainties are typically non-Gaussian, and in the case of lattice QCD calculations, not
cleanly separable from the statistical uncertainties. Moreover, it does not account for the
quality of the results, judged using the rubric of the FLAG working group. In an attempt
to include all these issues, the following ad hoc procedure is used to perform a weighted
average of all the results (presented in Figure 8):

i) for each of the Nlatt = 11 results, fi ± �±
i , an independent random sample is generated

with a sample size of Ndist = 104, drawn from a uniform distribution between the quoted
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